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Transitions between topologically distinct electronic states have been predicted in different classes of mate-
rials and observed in some. A major goal is the identification of measurable properties that directly expose the
topological nature of such transitions. Here we focus on the giant-Rashba material bismuth tellurium iodine
(BiTeI) which exhibits a pressure-driven phase transition between topological and trivial insulators in three-
dimensions. We demonstrate that this transition, which proceeds through an intermediate Weyl semi-metallic
state, is accompanied by a giant enhancement of the Berry curvature dipole which can be probed in transport
and optoelectronic experiments. From first-principles calculations, we show that the Berrry-dipole –a vector
along the polar axis of this material– has opposite orientations in the trivial and topological insulating phases
and peaks at the insulator-to-Weyl critical points, at which the nonlinear Hall conductivity can increase by over
two orders of magnitude.
A material that is on the verge of a transition between two
phases is prone to strongly enhanced responses to small ex-
ternal perturbations. Such divergent susceptibilities are well-
known for critical systems with thermal phase transitions
in which the development of long-range order is character-
ized by a local order parameter. However, for systems that
have a topological electronic phase transition, in which lo-
cal order parameter physics is absent, the identification and
characterization of measurable signatures of the topological
change close to criticality remains largely an open problem.
In this context, we investigate pressure-induced topological
electronic phase transitions in the giant Rashba semiconduc-
tor BiTeI [1]. This allows us to identify a direct experimen-
tal signature of the topological transition: a very strongly en-
hanced nonlinear Hall conductivity, which is related to a large
increase of the Berry curvature dipole moment of the elec-
tronic bands close to criticality.
BiTeI is a trivial insulator with a strong Rashba-type spin-
orbit coupling and has been predicted to become a strong
topological insulator at moderate pressures [2]. These insulat-
ing phases are separated by an intermediate Weyl phase [3, 4].
The ambient pressure crystalline structure has been demon-
strated to be stable up to about 9 GPa, which is well above
the theoretically expected pressure for the topological phase
transition at about 3 GPa [5]. Although there are arguments
based on optical experiments for the existence of the topo-
logical phase transition [6], the optical properties display a
rather smooth evolution up to 9 GPa [7]. On the other hand,
transport experiments present a broad minimum of resistivity
at the pressures near where the topological phase transition is
expected [5, 8]. Therefore, to our knowledge, there is no ex-
perimental evidence of signatures directly associated with the
topological nature of the phase transition, such as the appear-
ance of metallic surface states.
A crucial property of BiTeI is the absence of inversion sym-
metry, which endows the Bloch states with a nonzero Berry
curvature. This opens the possibility to analyze the transi-
tions between the topologically distinct electronic phases by
means of response functions that are particularly sensitive to
the geometry of the Bloch states [9–16]. Recent experiments
[17, 18] have reported the observation of the time reversal
invariant nonlinear Hall effect [9] in two-dimensional tran-
sition metal dichalcogenides [19–22]. Here we demonstrate
that such nonlinear Hall effect can also be a useful probe of a
topological phase transition and establish BiTeI as a promis-
ing platform to experimentally observe this effect in three-
dimensions.
The associated Hall current that is nonlinear in the elec-
tric field originates from the anomalous velocity caused by
the Berry curvature of the electronic bands. Specifically, in
the presence of an electric field Ec =Re{Eceiωt}, the second
order response current reads ja =Re{ j(0)a + j(2ω)a e2iωt}, where
j(0)a = χabcEbE∗c and j(2ω)a = χabcEbEc. The nonlinear response
function χabc effectively measures a first-order moment of the
Berry curvature over the occupied states, the Berry dipole:
χabc = −adc e
3τ
2(1 + iωτ)
Dbd, (1)
Dbd =
∫
d3k
(2pi)3
∑
n
Ωn,d(k)
(
− ∂ f0
∂E
)
E=Enk
∂Enk
∂kb
. (2)
Here, Enk is the energy dispersion of the n-th band, f0 the
equilibrium Fermi distribution, τ the relaxation time and Ωn,d
is the d component of the Berry curvature, Ωn(k) = ∇k ×
An(k), where An(k) = −i〈unk|∂kunk〉. In this work, we study
the nonlinear Hall conductivity of BiTeI as a function of hy-
drostatic pressure by computing the Berry dipole D from first-
principles. In addition, we present an analytical description of
our mains results based on a low-energy model and finally,
we analyze transport and optoelectronic experiments that are
expected to exhibit fingerprints of the Berry dipole.
Topological phase transitions – BiTeI is a layered polar
compound with space group P3m1 (No. 156). Bi, Te and
I layers, each having C3v symmetry, are stacked along the c
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FIG. 1. (a) Crystal structure of BiTeI. (b) Brillouin zone. (c), (d) and (e): Band structure (top) and azimuthal component of the total Berry
curvature Ωφ (bottom) for pressures P = 2.0, 2.8 and 3.2 GPa, respectively. The Berry curvature is that of the states in the conduction band,
considering the chemical potential as indicated by the dotted orange line. ( f ) Energy gap between valence and conduction states as a function
of pressure.
axis breaking inversion symmetry, see Fig. 1(a). To study
the evolution under hydrostatic pressure (P), we use the ex-
perimental values of the lattice parameters a and c reported in
Ref. [6]. We also consider additional pressures in between the
ones for which experimental data is available, interpolating a
and c linearly from the experimental data. For fixed values
of a and c, we determine the vertical position of the Te and I
atoms by minimization of the total energy.
For each pressure, we perform fully relativistic Density
Functional Theory calculations [23] and compute the Berry
curvature of the Bloch states by Wannier interpolation [24]
(see Supplementary Material [25] ). In three dimensions, the
Berry curvature is a vector field defined in the Brillouin zone.
We find convenient to measure its components in cylindrical
coordinates with the z-axis along the polar axis of BiTeI, as
shown in Fig. 1(b). Fig. 1(c − e) show for different pressures
the band structure and the azimuthal component of the Berry
curvature of the conducting bands (Ωφ). As we will see later,
this is the component that contributes to the Berry dipole in
BiTeI. The energy exhibits the Rashba-like dispersion while
Ωφ has extremes at the bottom of the conduction bands. As P
increases, the gap between valence and conduction bands (∆)
is reduced and the extreme of Ωφ along the path AH becomes
sharper and achieves larger values. The gap initially closes at
Pc1 = 2.9 GPa in a point belonging to this path. Upon further
increasing P, the Weyl nodes move both in ky and kz directions
until they annihilate in the mirror plane AML and the gap re-
opens at Pc2 = 3.0 GPa. This evolution of the Weyl nodes is
in agreement with previous calculations [3, 4]. For P > Pc2,
increasing the pressure pushes the system deep into the topo-
logical insulating phase and the maximum of the Berry cur-
vature is reduced. Interestingly, due to the band inversion the
Berry curvature has opposite sign in the two insulating states.
Fig. 1( f ) sketches the phase diagram, showing ∆ as a func-
tion of P. The pressures in which ∆ vanishes are in excellent
agreement with experimental expectations [5, 6].
Berry curvature dipole – We begin by considering how the
C3v symmetry constraints the Berry dipole tensor. Fig. 2(a−b)
show Ω in cylindrical coordinates for particular values of kz.
Since Ω is a pseudo-vector, the components Ωρ and Ωz are
odd with respect to mirror planes, while Ωφ is even. As a
result, the azimuthal component is seen to swirl around the
polar axis in a solenoidal fashion. This circulating pattern is
what gives rise to a non-vanishing Berry dipole in BiTeI. On
the other hand, Ωρ and Ωz must change sign at the mirrors and
their contributions average out to zero. As explained in Ref.
[9], the existence of three mirror planes related by three-fold
rotations along the polar axis forces the symmetric part of Dbd
to vanish. The remaining antisymmetric part can be described
as a vector that lies along the polar axis. Therefore, we will
focus on this vector which can be written in terms of Eq. 2 as
d = dz zˆ, where dz = (Dxy − Dyx)/2.
Fig. 2(c) presents dz as a function of the chemical poten-
tial, µ, at ambient pressure and zero-temperature. Naturally,
without doping (µ = 0), dz vanishes because of the absence
of carriers. The values obtained at finite doping are moderate
as compared to the ones obtained in Ref. [26] for different
Weyl semimetals, and larger than found in Ref. [27] for trig-
onal tellurium. The maximum in absolute value as a function
of µ arises from the competition between the Berry curvature,
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FIG. 2. Berry curvature and Berry dipole at ambient pressure. (a) and
(b): Berry curvature of the conducting states of momentum kz = pi/c
and kz = 0.9pi/c, respectively. Ωρ, Ωφ and Ωz are shown from left
to right. Ωρ is magnified by a factor of five. (c) Berry dipole as a
function of the chemical potential.
which is larger at the band bottom, and the growing number of
states as the chemical potential increases. Namely, the max-
imum corresponds to an electronic density that optimizes the
compromise between giving rise to a large Fermi surface and
having carriers at the Fermi level with large Berry curvature.
For a fixed density, hydrostatic pressure can affect this com-
petition by significantly increasing the Berry curvature of the
states at the band bottom, as we discuss next.
Fig. 3 presents the Berry dipole as a function of pressure for
different electronic densities, n. One of the central findings of
our work, is that the Berry curvature dipole vector, d = dzzˆ,
reverses its orientation in going from the trivial to the topolog-
ical insulating phase. The origin of this reversal can be traced
back to the band inversion that causes a change of sign in the
Berry curvature (see Fig. 1) and, therefore, the measurement
of the Berry dipole offers a direct signature of the topologi-
cal nature of the phase transition. The evolution with pressure
exhibits a noticeable dependence on the amount of doping.
For large n, the carriers at the Fermi surface have relatively
small Berry curvature and the evolution of dz is rather smooth.
As the density is reduced, the Fermi surface comes closer to
the location of the Weyl nodes in the intervening semimetallic
phase, giving rise to a large enhancement of the Berry curva-
ture and its dipole. In this regime, the Berry dipole not only
has a different sign in the two insulating phases but also dis-
plays sharp peaks located at the topological phase transitions.
According to our calculations, this dependence on the density
is observed up to n ∼ 1 × 1015 cm−3. Reducing further n, the
−0.15
−0.1
−0.05
0
0.05
0.1
0.15
1 1.5 2 2.5 3 3.5 4 4.5
Trivial
insulator
Topological
insulator
Weyl semimetal
10−3
10−2
10−1
6.10−52.10−3 0.04
d
z
P [GPa]
d
z
∆[eV]
2×1014
x−2
FIG. 3. Berry dipole as a function of pressure for fixed different
values of density. The arrow indicates the direction of decreasing
density, the different curves correspond to 1 × 1017, 5 × 1016, 3 ×
1016, 2×1016, 1×1016, 3×1015 and 1×1015 cm−3. Inset: Berry dipole
as a function of ∆ in the limit of small density in the topological
insulating phase.
decrease in the number of states becomes dominant and, as
expected in the limit µ → 0, dz decreases its absolute value
(see [25]).
Model – We now introduce a low-energy model to analyze
the behaviour of the Berry dipole across the topological phase
transitions. We first focus on the enhancement obtained when
the Weyl phase is approached from the topological insulator
side. We consider a two-band model for the pair creation or
annihilation of Weyl nodes near one of the mirror invariant
planes (ALM planes, see Fig. 1(b)). The valence and conduc-
tion bands will touch at some point k0 along this plane. The
corresponding mirror is the only element of the little group.
Choosing xˆ along the AL line, yˆ along LH and zˆ along ΓA, the
mirror acts as:
M : ky → −ky, kx,z → kx,z. (3)
A simple “k dot p” model capturing the symmetries and the
pair creation of Weyl nodes is:
H =
(
k2y + λ
)
2m
σy + kxvxσx + kzvzσz + kxuxσ0. (4)
Here σx,y,z are Pauli matrices and σ0 is the identity. The finite
tilt ux term does not change the Berry curvature but affects the
Fermi surface shape and is crucial to get a finite Berry dipole.
For λ > 0, this model describes an insulator of gap ∆ = λ|m| .
The critical point between this insulator and a Weyl semimetal
is at λ = 0. In BiTeI there are six pairs of Weyl points related
by discrete C3v operations and time reversal symmetry [3].
This model captures only one such pair but notice that all the
pairs contribute additively to the total Berry dipole [28].
4Assuming we have a finite carrier density n in the conduc-
tion band, and far away from the critical point such that ∆ is
the largest energy scale and the tilt is small ux  vx, the dipole
resulting from the long wave-length Hamiltonian Eq. 14 is
dz ≈ − nvzuxmvx∆2 . (5)
Thus, as the transition is approached from the topological in-
sulator side, the Berry dipole is strongly enhanced, with an
asymptotic behavior as ∼ 1/∆2 for large ∆. The inset in Fig.
3 shows a direct comparison of this analytical result with the
full band structure calculations in the low density regime. For
sufficiently large ∆, the numerical data is indeed consistent
with the inverse quadratic behavior, which saturates when ∆
is reduced to values of the order of µ.
The Weyl phase occurs for λ < 0. The distance between
the Weyl nodes is 2k0, with k0 =
√|λ|. When the transition is
approached from the Weyl phase, the dipole to leading order
in ux and k0, and for k0 → kF , is
dz ≈ − nuxvxvz2k0µ2vy
1 − v2yv2x
 , (6)
where vy = k0/m is the Fermi velocity along yˆ near the Weyl
point and kF the Fermi momentum. We thus see that the dipole
is enhanced as ∼ 1/k0 as the Weyl points approach each other
[29].
Notice that dz is always finite provided that there is a finite
Fermi surface. In particular, in the Weyl phase there is no
divergence even when the chemical potential is at the nodes
[30].
A similar analysis can be performed when the transition is
approached from the trivial insulator side. The detailed argu-
mentation differs slightly due to a different little group at the
point where the conduction and valence bands touch [3, 4],
but an analogous model can be developed. The opposite Berry
dipole sign in this phase can be understood to arise from the
different sign of the effective parameter m which controls the
relative ordering in momentum space of the Weyl nodes with
opposite chirality. This suggests that in other polar materials,
like those studied in Ref. [3], in which the topological phase
transitions occur through a similar Weyl nodes dynamics, or
in Ref. [31], where the Weyl nodes ordering is reversed with
an electric field, a change of sign in the Berry dipole can be
expected as well.
Experimental signatures – In the following we describe dif-
ferent types of optoelectronic and transport measurements that
can be used to probe the Berry dipole in BiTeI. Through-
out this discussion we consider an electric field of frequency
smaller than the inter-band optical threshold ω  ∆. Follow-
ing Ref. [9], we expect a rectified current at zero frequency
and a second harmonic current at 2ω given by, respectively:
j0 =
e3τ
2(1 + iωτ)
E∗ × (d × E). (7)
j2ω =
e3τ
2(1 + iωτ)
E × (d × E). (8)
Here the fields E are complex vectors to account for nontrivial
light polarization. The formula can also be used to obtain
currents in the DC limit by simply taking E to be a real vector
and multiplying, e.g., the result for j0 by a factor of 2 [9].
The electric field polarization can be used to control the di-
rection of j0 and j2ω and their relative amplitude. There are a
few special cases of particular interest, the first of which is cir-
cularly polarized light. If the polarization plane is orthogonal
to the polar axis, E = E(xˆ + iyˆ), j2ω vanishes and the current
reduces to:
j0 =
e3τdzE2zˆ
2(1 + iωτ)
. (9)
In contrast, if the polarization plane contains the polar axis,
E = E(xˆ + izˆ), j0 and j2ω have equal amplitude but flow along
different directions:
j0 =
e3τdzE2(zˆ + xˆ)
2(1 + iωτ)
, j2ω =
e3τdzE2(zˆ − xˆ)
2(1 + iωτ)
. (10)
It is remarkable that the currents flow along orthogonal direc-
tions that are 45 degrees away from the polar axis. Finally,
for linearly polarized light with the electric field at an angle θ
from the polar axis, E = E(sin θxˆ + cos θzˆ), the currents read:
j0 = j2ω =
e3τdzE2 sin θ
2(1 + iωτ)
(sin θzˆ − cos θxˆ) (11)
Notice that the xˆ and zˆ current components have different
characteristic dependences on θ.
In summary, we have demonstrated that the Berry curvature
dipole in BiTeI conveys key information about the topological
state of the system. The Berry dipole vector presents opposite
orientations in the topologically distinct insulating phases. In
addition, its magnitude sharply peaks at the phase boundaries
between the insulating phases and the intervening Weyl semi-
metallic phase. Optoelectronics and transport measurements,
such as the nonlinear Hall effect, are predicted to offer direct
experimental evidence of the topological phase transitions in
this material under pressure.
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5SUPPLEMENTAL MATERIAL
BERRY CURVATURE AS A FUNCTION OF CHEMICAL POTENTIAL FOR DIFFERENT PRESSURES
Figure 4 presents dz as a function of the chemical potential, µ, at zero-temperature and for different values of pressure, P. To
understand the existence of a maximum, it is useful to analyze Eq. 2 of the main text. A finite Berry dipole component Dyx
requires, in addition to sufficiently low symmetry (such that the integral does not vanish), states close to the Fermi level that
having a finite band velocity along the y direction have a finite Berry curvature along x. The band velocity also affects implicitly
the integral through the density of states at a given energy, so it is convenient to recast this equation at zero temperature as:
Dbd =
1
(2pi)3
∑
n
∫
Enk=0
d2S vn,b(k)Ωn,d(k), (12)
where d2~S is an element of the Fermi surface and vn,b = ∇kEnk · bˆ/|∇kEnk|. Here it becomes explicit that Dyx will be larger as
larger portions of the Fermi surface are perpendicular to y while having a large Ωn,x. Since in BiTeI the amplitude of the Berry
curvature is maximum for states at the bottom of the conduction band, as µ is increased the Fermi surface becomes larger but
the Berry curvature of the carriers on it diminishes. Therefore, the maximum in the Berry dipole corresponds to an electronic
density that optimizes these competing tendencies.
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FIG. 4. Berry dipole as a function of the chemical potential for different values of hydrostatic pressure.
This analysis also anticipates that an interesting behavior is to be expected for BiTeI as a function of hydrostatic pressure,
which acts to increase the Berry curvature of the states at the bottom of the conduction band. The pressure has the effect of
shifting the maximum of the Berry dipole to lower densities and to significantly increase its value. As the pressure approaches
Pc1, dz can be increased by over two orders of magnitude as compared to the ambient pressure result. For P > Pc2, the Berry
curvature has a different sign and accordingly does dz. This indicates that dz goes through a very dramatic change in the narrow
range of pressures that correspond to the Weyl semimetal phase. For P > Pc2, as P is further increased, the extreme of dz moves
back to larger densities and lower values. The comparison with the analytical result is performed in the limit of small densities
(roughly, in Fig. 4, this corresponds to values of chemical potential well to the left of the maximum, where dz becomes larger as
µ increases). In this limit, the Fermi surface is formed by six separated pockets, one associated with each of the parabolic bands
near where the Weyl nodes are created at the topological transition. These six pairs of Weyl nodes make the same contribution
to the Berry dipole and the model presented in the main text describes one of such pairs.
METHODOLOGICAL ASPECTS OF THE DENSITY FUNCTIONAL THEORY CALCULATIONS
We performed Density Functional Theory (DFT) calculations of BiTeI using the codes WIEN2K and FPLO. We used the
GGA approximation for the exchange and correlation functional. Within WIEN2K, the spin-orbit coupling (SOC) is treated
with a second-variational procedure in which the full Hamiltonian including the SOC is diagonalized in the space spanned by
6scalar relativistic eigenstates. A well-known aspect of this approach is that the solution may be improved extending this basis
with relativistic p1/2 local orbitals [32]. Our results reproduce those of Ref. [2, 33], which are based on WIEN2K and show a
gap ∆ ∼ 0.28 eV, only if the p1/2 local orbitals are not included in the basis set. When they are included, we find that the gap
is reduced to ∆ ∼ 0.11 eV. We confirmed this point doing fully relativistic calculations with the FPLO code, in which p1/2-like
states are included in the basis set by default. Figure 5 compares the band structure obtained with the different computation
schemes used.
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FIG. 5. Band structure computed with different schemes using the GGA approximation for the exchange and correlation functional.
FIG. 6. Azimuthal component of the Berry curvature for different values of volume compression as obtained with FPLO. (a) Trivial insulating
phase with ∆ = 0.035 eV. (b): Topological insulating phase with ∆ = 0.05 eV. (c): Topological insulating phase ∆ = 0.15 eV.
The experimental value of the gap has been reported to be in the range [0.26, 0.38] eV in Ref. [1, 34]. Detailed ab initio
studies of ∆ can be found in Ref. [35, 36]. While the underestimation of the gap in semiconductors is a well-known feature of
semilocal functionals, the fact that the description of the gap is better when the p1/2 states are not included may be associated
with a fortuitous cancelation of errors. Since this article focuses on the Berry curvature of the conducting states, which is
sensitive to the value of ∆, we chose to present in the main text calculations where the p1/2 states are not included in order to
have a better description of ∆, similar to that reported in Ref. [2, 33]. This choice only affects the value of pressure at which
the transition to the topological nontrivial phases takes place. Indeed, we have checked that the behavior of the Berry curvature
described in the main text is robust to the different computation schemes. This is shown in Fig. 6, which presents the azimuthal
component of the Berry curvature for different pressures as obtained with FPLO. The behavior of the Berry curvature across the
transition, characterized by an opposite sign in the topologically distinct insulating phases and by an increase in the magnitude
when approaching the Weyl semimetal phase, do not depend on the methodology used. All the calculations indicate that a
large increment in the Berry dipole of BiTeI is expected under hydrostatic pressure when ∆ is reduced from its value at ambient
pressure, [0.26, 0.38] eV, to 0.
7BERRY CURVATURE AND BERRY CURVATURE DIPOLE FOR THE KP MODEL
The “k dot p” model of interest reads:
H =
(
k2y + λ
)
2m
σy + kxvxσx + kzvzσz + (kxux + kzuz)σ0. (13)
The terms proportional to σ0 affect the Fermi surface but do not change the local Berry curvature. For computing each of the
Berry curvature components the problem can be seen as effectively 2D. For instance, let us first focus on Ωz = ∂kxAy − ∂kyAx.
For its calculation we can consider the Hamiltonian:
H = vx(kxσx + k′yσy) + mzσz + C, (14)
where k′y =
(k2y +λ)
2mvx
, mz = kzvz and C is a constant. Then, noticing that
Ay = −i〈u|∂ky|u〉 = kymvx (∂kxA
′
y − ∂ky′Ax) =
ky
mvx
A′y, (15)
Ωz = ∂kxAy − ∂kyAx = kymvx (∂kxA
′
y − ∂ky′Ax) =
ky
mvx
Ω′z, (16)
we can use the classic result of the Berry curvature for a 2D a massive Dirac fermion (see e.g. Eq.(17) from Ref. [9]) and obtain:
Ωz = sign(µ)
vzvxkzky
2mr3/2
(17)
where r = r(kx, ky, kz) = (vxkx)2 + (vzkz)2 + ( 12m (k
2
y + λ))
2. Next, for computing Ωx we can consider:
Ωx = −(∂kzAy − ∂kyAz), (18)
H = mxσx + vz(kzσz + k′yσy) + C, (19)
where k′y =
(k2y +λ)
2mvz
and mx = kxvx. Thus, we see that the calculation of −Ωx is equivalent to the one above after exchanging x and
z labels and performing a unitary transformation that sends σy → σy, σx → −σz and σz to σx, which would give an extra global
minus sign in the Berry curvature formula. We obtain
Ωx = sign(µ)
vzvxkxky
2mr3/2
. (20)
For Ωy, we can again follow the same kind of rationale and we obtain:
Ωy = sign(µ)
vzvx(k2y + λ)
4mr3/2
. (21)
Now we can compute the antisymmetric dipole along the z axis, which is controlled by the integral of the curl of the Berry
curvature:
dz(kx, ky, kz) = ∂kxΩy − ∂kyΩx = sign(µ)kxvxvz2mr3/2
[3(k2y + λ)
2r
( k2y
m2
− v2x
)
− 1
]
. (22)
As we can see the Berry dipole is even with respect to ky and kz but odd with kx. Thus the tilt controlled by ux is crucial to get a
finite value upon integration. The formulas for the Berry dipole presented in the main text for different limits are obtained after
integration of Eq. 22 for all states up to the Fermi energy.
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